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Abstract 
Khammash, A.A., On the homological construction of the Steinberg representation, Journal of 
Pure and Applied Algebra 87 (1993) 17-21. 
We generalize a theorem of Solomon and Tits which characterizes the Steinberg representation 
of a finite group of Lie type G as the top homology group of the Tits complex of G. We show 
that this characterization is characteristic-free. We also determine in what characteristics the 
socle of the Steinberg module is the trivial kc-module which strengthens a result proved 
originally by G. Hiss. 
Introduction 
Let G = (G, B, N, R, U) be a finite group with a split BN-pair of characteristic 
p whose Coxeter system (IV, R) is of rank II. Let k be any algebraically closed 
field and let St, denote the Steinberg module of G defined over k as in [6]. When 
the characteristic of k is 0, Solomon and Tits [5] proved a characterization of St, 
as the (n - l)st homology group of the Tits complex A, associated to G. Their 
proof is based on a geometrical argument. The first algebraic proof of that 
characterization was given by Curtis and Lehrer [l]. Another proof was given in 
[4]. In this paper we show that such characterization holds for arbitrary charac- 
teristic. In fact, we prove the following: 
Theorem 1. St, g H,_, (Ak) as kG-modules, whatever the characteristic of k. 
The tool that we are going to use is a characterization given in [4, Theorem l] 
of H,_,(A,) in terms of the Hecke algebra of the Bore1 subgroup B of G. 
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As a consequence of this (characteristic-free) characterization of St, we give an 
easy and more direct proof of a result proved originally by Hiss [3] on the number 
of trivial composition factors of the Steinberg module. 
1. Preliminaries 
For a subset X of G write [X] = c xtX x. Let Y = kG[B], the left ideal of the 
group algebra kG generated by [B]. Then Y is a left kc-module isomorphic to 
the induced kc-module Indg(k,) where k, is the trivial k&module. Let e = 
cwtw (-l)““‘w[B], where 1 is the length function defined on W. Then, as in [6], 
we have St, = kGe & Y. Let E = End,,(Y), the endomorphism k-algebra of Y. 
Then E has a k-basis {a,,,: w E W}, where a,, E E is given by a,([B]) = [BwB] 
(see [3]). If R = {w,, w2, . . , wn} then, writing a, = a,,, E is generated as a 
k-algebra by {a,: 1 5 i 5 n}. Suppose that p : E + k is a multiplicative character 
of E and that 1, = c I= 1 e, is a primitive idempotent decomposition of 1, in E. 
Then there exists a unique 15 j 5 t such that p(ej) = 1,. We shall write ep = ej 
and YP = ep(Y). Note that YP is an indecomposable direct kG-summand of Y 
which appears with multiplicity one. Y has a natural structure of a left E-module 
by the E-action uy = a(y), for all a E E, y E Y. We define IP(Y) to be the 
maximal E-submodule of Y on which E acts according to /3, that is 
I,(Y) = {x E Y: ax = /3(u)x, for all a E E} . 
It is clear that IO(Y) skc YP, for if x E I,(Y) then 
x = 1,x = $(e,)x = ep(x) E ep(Y) = Yp 
The (Hecke algebra) E has at least two multiplicative characters 
$ (= SIGN) : uK> H (- 1)““’ , 
~(=IND):u,HIU,I=((/~~“““~, 
where wg is the unique element of W with maximal length. 
From [4, Theorem 1 and 3.101 we have 
The indecomposable kc-module Y, is the Scott module S(G, B) which by 
definition contains k,, the trivial kc-module, in its socle and in its head. 
For a free abelian group X, regarded as a Z-module, we use the notation rk(X) 
to denote the rank of X in the usual sense, that is, the number of free 
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Z-generators of X. However, when referring to the rank of the BN-pair of G we 
write Rank(G). 
Remark 2. If the characteristic of k is p, then Steinberg [7, Theorem 2(i)] proves 
that the restriction of St, to the Sylow p-subgroup U of G is isomorphic to the 
group algebra kU, that is, a free (hence projective) kU-module. This in turn 
implies that St, is a projective kc-module. But kG is self-injective (since it is a 
Frobenius algebra) (see [2, 9.6 and 9.91) and so St, is also an injective 
kc-module. Since St, 5 Y+, St, is then a direct kG-summand of Y*. But since 
Y+ is indecomposable, we must have St, = Y$. This together with (*) implies that 
St, g H,_,(A,) and so the theorem holds in this case. 
2. The case when Rank(G) = 1 
If Rank(G) = 1 then G = B U BwB and so 
H,_,(A,) F Z,(Y) = Ker(a, + lE) , where w # 1 . 
On the other hand, 
Im(q+ + lE) = kG((a, + l,)([B])) = kG( c g) = k, . 
REG 
Hence codim Z,(Y) = 1 = codim St, in Y and so, by (*) 
ff,-,(A,) = St, , 
whatever the characteristic of k and Theorem 1 holds in this case. 
3. The case when Rank(G) 2 2 
It is known (see [6] and [7]) that 
dim,St, = ICT] = rk,H,-,(A,) , 
where A, is the Tits Z-complex of G. Therefore, by (*), to prove the theorem it is 
enough to prove the following lemma: 
Lemma 3. dim,H, _ 1 (A,) = rk,H,_, (A,) 
Proof. By the ‘Universal Coefficient Theorem’ for homology (see [5, Theorem 
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8.22, p. 228]), we have 
(**> 
But from [6, Theorem 11, we have 
which is a free Z-module. Therefore, by [.5, Theorem 8.4, p. 2211, we have 
Tor:(ZZ,_,(A,), k) = 0. Hence (**) implies that 
dim,ZZ,_,(A,) = rk,H,_,(A,) . 
This proves the lemma and hence Theorem 1. 0 
Next we have the following characterization of the Steinberg module in 
arbitrary characteristic which follows directly from Theorem 1 and (*). 
Corollary. St, E Z,(Y) = fl w,ER Ker(ai + lE) as kG-modules, where aj =a 
WI. 
cl 
4. Applications 
For each w, E R let U, = U,, be the corresponding root subgroup of G and 
write p, = 1 U,l. For a kc-module X we denote the socle of X by Sot(X). In this 
section we shall apply the above characterization to deduce a result on the 
structure of St, in non-defining characteristic of G. 
There have been several attempts to study the structure of the Steinberg 
module St, in arbitrary characteristic. Tinberg [8] calculated the (simple) socle of 
St,. Hiss [3] proved that the trivial kc-module k, appears as a composition 
factor of St, with multiplicity 51 and the equality holds if and only if the 
characteristic of k divides pi + 1 for all 15 i 5 II. However, we hope that the 
characterization given in the corollary above might help in finding a composition 
series for St,. To motivate that, we prove the following theorem which 
strengthens the second statement of [3, Theorem A]. The proof here is straight- 
forward and is based on the above characterization. 
Theorem 4. Let G = (G, B, N, R, U) be a finite group with a split BN-pair of 
rank n and let k be a field of characteristic r > 0. Then Soc(St,) = k, if and only if 
r/pi+1 forall lsisn. 
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Proof. 
rip,+1 for all 15i5n 
($ pi--1 (modr) for all llisn 
e p(a,)=+(a,) (modr) for all llisn 
21 
e Yti = Y, = S(G, B) 
e Soc(St,) = k,. 
The last assertion follows from the fact that Soc(St,) is simple and is equal 
Soc(Y,), by (*), on the other hand k, is a direct summand of Soc(S(G, B)). cl 
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